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a b s t r a c t
In this work, the Fredholm integral equations of the first kind will be examined. The
regularization method combined with the existing techniques are applied to handle the
ill-posed Fredholm problems. Examples will be used to highlight the reliability of the
regularization method.
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1. Introduction
Fredholm integral equations appear inmany scientific applications. Unlike Volterra integral equations where at least one
of the limits of integration is a variable, Fredholm integral equations are characterized by fixed limits of integration of the
form [1–7]
u(x) = f (x)+ λ
∫ b
a
K(x, t)u(t) dt, (1)
where a and b are constants, λ is a parameter, f (x) is the data function, K(x, t) is the kernel of the integral equation, and
u(x) is the unknown function that will be determined. Eq. (1) is called the Fredholm integral equations of the second kind
characterized by the occurrence of the unknown function u(x) inside and outside the integral sign.
Moreover, Fredholm integral equations of the first kind are of the form
f (x) = λ
∫ b
a
K(x, t)u(t) dt, x ∈ Ω, (2)
whereΩ is a closed and bounded region. Fredholm integral equations of the first kind (2) are characterized by the occurrence
of the unknown function u(x) only inside the integral sign. The existence of u(x) inside the integral sign causes special
difficulties. Fredholm integral equations of the first kind are often ill-posed problems, that may have no solution, or if a
solution exists it is not unique and may not depend continuously on the data f (x). The Fredholm integral equations of the
first kind (2) appear in many physical models such as radiography, spectroscopy, cosmic radiation, image processing and in
the theory of signal processing.
On the other hand, Volterra integral equations of the first kind are of the form
f (x) = λ
∫ x
a
K(x, t)u(t) dt. (3)
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Volterra integral equations of the first kind (3) are characterized by the occurrence of the unknown function u(x) only inside
the integral sign. Moreover, first kind Volterra integral equations are not ill-posed problems. They can be easily converted
to second kind Volterra integral equations by differentiating both sides of (3) by using Leibnitz rule provided that the kernel
is not singular as in Abel’s integral equations.
In this work, we will apply the regularization method [8–10] that is considered reliable especially in solving first kind
integral equations. The method transforms a first kind equation to a second kind equation. By converting the first kind
to a second kind, then we can apply the existing techniques of the second kind to the transformed equation. The direct
computation method, the Adomian decomposition method [11–16], and the successive approximations method will be
combined with the regularization method to handle Fredholm integral equations of the first kind.
In what follows we will present a brief summary of the regularization method. Details can be found in [8–10].
2. The regularization method
The regularizationmethodwas established independently by Tikhonov [8,9] and Phillips [10]. The regularizationmethod
consists of transforming first kind integral equations to second kind equations. The regularization method transforms the
linear Fredholm integral equation of the first kind
f (x) =
∫ b
a
K(x, t)u(t) dt, (4)
to the approximation Fredholm integral equation
αuα(x) = f (x)−
∫ b
a
K(x, t)uα(t) dt, (5)
where α is a small positive parameter called the regularization parameter. It is clear that (5) is an integral equation of the
second kind that can be rewritten
uα(x) = 1
α
f (x)− 1
α
∫ b
a
K(x, t)uα(t) dt. (6)
Moreover, it was proved by Tikhonov [8,9] and Phillips [10] that the solution uα of Eq. (6) converges to the solution u(x) of
(4) as α → 0. In other words, it was shown that
u(x) = lim
α→0 uα(x). (7)
It is important to note that the Fredholm integral equation of the first kind is ill-posed problem. The solution for an ill-posed
problem may not exist, and if it exists it may not be unique.
As stated before, we will apply the regularization method to transform the first kind Fredholm integral equation to the
second kind integral equation. The resulting second kind integral equation will be then solved by the well-known existing
techniques that will not be presented in this work.
3. Fredholm integral equation of the first kind
In what follows, we will apply the regularization method combined with one appropriate technique to illustrate the
analysis presented before. Notice first that the data function f (x) must contain components which are matched by the
corresponding x components of the kernel K(x, t). This is a necessary condition to guarantee a solution.
Example 1. Use the regularization method to solve the Fredholm integral equation of the first kind
2x =
∫ 1
0
xtu(t) dt. (8)
The regularization method carries Eq. (8) to
αuα(x) = 2x−
∫ 1
0
xtuα(t) dt, (9)
so that
uα(x) = 2
α
x− 1
α
∫ 1
0
xtuα(t) dt, (10)
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To use the successive approximations method, we first select uα0(x) = 0. Consequently, we obtain the following
approximations
uα0(x) = 0,
uα1(x) =
2
α
x,
uα2(x) =
2
α
x− 2
3α2
x,
uα3(x) =
2
α
x− 2
3α2
x+ 2
9α3
x,
uα4(x) =
2
α
x− 2
3α2
x+ 2
9α3
x− 2
27α4
x,
(11)
and so on. Based on this we obtain the approximate solution
uα(x) = 2
α
x

1− 1
3α
+ 1
9α2
+ 1
27α3
+ · · ·

. (12)
This in turn gives
uα(x) = 2
α

3α
3α + 1

x. (13)
The exact solution u(x) of (8) can be obtained by
u(x) = lim
α→0 uα(x) = 6x. (14)
It is interesting to point out that another solution to this equation is given by
u(x) = 4x2 + 5x3. (15)
As stated before, the Fredholm integral equation of the first kind is an ill-posed problem and the solution may not exist, and
if it exists it may not be unique [8–10].
Example 2. Use the regularization method to solve the Fredholm integral equation of the first kind
π
2
cos x =
∫ π
0
cos(x− t)u(t) dt. (16)
Using the regularization method, Eq. (16) can be transformed to
αuα(x) = π2 cos x−
∫ π
0
cos(x− t)uα(t) dt, (17)
that gives
uα(x) = π2α cos x−
1
α
∫ π
0
cos(x− t)uα(t) dt. (18)
The resulting Fredholm integral equation of the second kind will be solved by the direct computation method. Eq. (18) can
be written as
uα(x) =

π
2α
− β
α
cos x

− γ
α
sin x, (19)
where β and γ are constants given by
β =
∫ π
0
cos tuα(t) dt,
γ =
∫ π
0
sin tuα(t) dt.
(20)
To determine β and γ , we substitute (19) into (20), integrate the resulting integrals and solve to find that
β = π
2
2(π + 2α) ,
γ = 0.
(21)
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This in turn gives
uα(x) = π
π + 2α cos x. (22)
The exact solution u(x) of (16) can be obtained by
u(x) = lim
α→0 uα(x) = cos x. (23)
It is interesting to point out that other solutions to this equation are given by
u(x) = cos x+ sin(2n+ 1)x, n = 1, 2, 3, . . . . (24)
This is normal because the Fredholm integral equation of the first kind is an ill-posed problem.
Example 3. Use the regularization method to solve the Fredholm integral equation of the first kind
(e− 1)e3x =
∫ 1
0
e3x−4tu(t) dt. (25)
Using the regularization method, Eq. (25) becomes
αuα(x) = (e− 1)e3x −
∫ 1
0
e3x−4tuα(t) dt, (26)
or equivalently
uα(x) = 1
α
(e− 1)e3x − 1
α
∫ 1
0
e3x−4tuα(t) dt. (27)
The resulting Fredholm integral equation of the second kind will be solved by the Adomian decomposition method. The
Adomian decomposition method admits the use of
uα(x) =
∞−
n=0
uαn(x), (28)
and the recurrence relation
uα0(x) =
1
α
(e− 1)e3x,
uαk+1(x) = −
1
α
∫ 1
0
e3x−4tuαk(t) dt, k ≥ 0.
(29)
This in turn gives the components
uα0(x) =
1
α
(e− 1)e3x,
uα1(x) = −
1
eα2
(e− 1)2e3x,
uα2(x) =
1
e2α3
(e− 1)3e3x,
uα3(x) = −
1
e3α4
(e− 1)4e3x,
(30)
and so on. Substituting this result into (28) gives the approximate solution
uα(x) = 1
α
(e− 1)e3x

1− e− 1
eα
+ (e− 1)
2
e2α2
+ (e− 1)
3
e3α3
+ · · ·

. (31)
The exact solution u(x) of (25) can be obtained by
u(x) = lim
α→0 uα(x) = e
3x+1. (32)
Notice also that u = e5x is a solution of this equation. As stated before, the Fredholm integral equation of the first kind is an
ill-posed problem. For ill-posed problems, the solution might not exist, and if it exists, the solution may not be unique.
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4. Volterra integral equation of the first kind
It is worth noting that Volterra integral equations of the first kind are not ill-posed problems. In addition, we can convert
these equations to second kind equations by differentiating both sides with respect to x and by using Leibnitz rule provided
that the kernel K(x, t) of the integral equation is not singular.
It is interesting to note that the regularization method is not commonly used for solving Volterra integral equations of
the first kind. The other methods, such as the Laplace transform method, differentiating both sides, and other methods are
more practical methods compared to the regularization method. However, for comparison, the next example will be solved
by using the regularization method and by using the Laplace transform method.
Example 4. Solve the Fredholm integral equation of the first kind
xex =
∫ x
0
ex−tu(t) dt. (33)
Using the regularization method
The regularization method carries Eq. (33) to
αuα(x) = xex −
∫ x
0
ex−tuα(t) dt, (34)
so that
uα(x) = 1
α
xex − 1
α
∫ x
0
ex−tuα(t) dt, (35)
The resulting Volterra integral equation of the second kind (35) will be solved by the Adomian decomposition method. The
Adomian decomposition method admits the use of
uα(x) =
∞−
n=0
uαn(x), (36)
and the recurrence relation
uα0(x) =
1
α
xex,
uαk+1(x) = −
1
α
∫ x
0
ex−tuαk(t) dt, k ≥ 0.
(37)
This in turn gives the components
uα0(x) =
1
α
xex,
uα1(x) = −
1
2!α2 x
2ex,
uα2(x) =
1
3!α3 x
3ex,
uα3(x) = −
1
4!α4 x
4ex,
(38)
and so on. Substituting this result into (36) gives the approximate solution
uα(x) = ex

x
α
− x
2
2!α2 +
x3
3!α3 −
x4
4!α4 + · · ·

, (39)
so that
uα(x) = ex(1− e− xα ). (40)
The exact solution u(x) of (33) can be obtained by
u(x) = lim
α→0 uα(x) = e
x. (41)
Using the Laplace transform method
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Taking the Laplace transforms of both sides we obtain
1
(s− 1)2 =
1
s− 1U(s), (42)
or equivalently
U(s) = 1
s− 1 , (43)
where
U(s) = L{u(x)}. (44)
Taking the inverse Laplace for both sides of (43) gives the solution
u(x) = ex. (45)
5. Discussion
In this work we employed the regularization method combined with some of the proper well-known techniques to
handle the Fredholm integral equations of the first kind. Themethod showed reliability in handling these ill-posed problems.
Although the regularization method is not commonly used for the first kind of Volterra integral equations, we used the
method in this case for comparison with the Laplace transform method.
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